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Abstract. In this paper we consider a sum of modified Bessel functions of the first kind of which 
particular case is used in the study of Kanter's sharp modified Bessel function bound for concentrations 
of some sums of independent symmetric random vectors. We present some monotonicity and convexity 
properties for that sum of modified Bessel functions of the first kind, as well as some Turan type 
C^") ' inequalities, lower and upper bounds. Moreover, we point out an error in Kanter's paper [Ra and at 

the end of the paper we pose an open problem, which may be of interest for further research. 
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1. Introduction 



Special functions like modified Bessel functions of the first and second kind, I v and K v , are frequently 
used in probability theory and statistics, see for example the papers of Fotopoulos and Venkata |FVj . 
Kanter |Kaj . Marchand and Perron [MP1[|MP2] . Robert [Roj . Yuan and Kalbfleisch |YK) . to mention 
a few. In |Kaj Kanter deduced a sharp bound for the probability that a sum of independent symmetric 
random vectors lies in a symmetric convex set, by improving in one dimension an inequality hrst proved 
by Kolmogorov. For a very recently deduced concentration inequality for sums of independent isotropic 
random vectors we refer to the paper of Cranston and Molchanov |CM] . In deducing the above mentioned 
result in |Kaj the function $ : (0, oo) — > (0, oo), defined by $(x) = e~ x [Iq(x) + h(x)] , plays an important 
role. Some properties of <£> were deduced in [Kal Lemma 4.4] and [Kal Lemma 4.5]. Recently, Mattner 
and Roos MR], by using other properties of the function $, shortened the proof of |Kal Theorem 4.1], in 
which Kanter deduced his concentration bound for sums of independent random vectors. The properties 
proved in [MR, Lemma 1.4] complement the study of <f> from |Ka| . 

Our aim in this paper is twofold: in one hand to generalize the results on $ from [Kal IMR] to the 
t> ■ function : (0, oo) — !• (0, oo), defined by 

CN; ^ v (x) = e- x x- v [I v (x)+I 1/+1 (x)], 

ly*-) | and on the other hand to point out a gap in the proof of [Kal Lemma 4.4], which in turn implies that 

Kanter's proof of |Ka[ Theorem 4.1] is not complete. To achieve our goal, we present some monotonicity 
and convexity properties, lower and upper bounds, and Turan type inequalities for the function <f>„. In 
(*C) • the study of the Turan type inequalities for the function <$> u one of the key tools is the Neumann integral 

formula concerning the product of two modified Bessel functions with different parameters. Moreover, at 
the end of the paper we pose an open problem, which may be of interest for further research. 



2. Monotonicity and convexity properties of the function 

Before we present the main results of this paper we recall some definitions, which will be used in the 
sequel. A function / : (0, oo) — > K is said to be completely monotonic if / has derivatives of all orders 
and satisfies 

(-l) m f {rn \x) > 

for all x > and m £ {0, 1, 2, . . . }. A function g: (0, oo) — > (0, oo) is said to be logarithmically convex, 
or simply log-convex, if its natural logarithm In g is convex, that is, for all x, y > and A G [0, 1] we have 

g(Xx + (l-X)y)<[g(xt[g(y)} 1 -\ 

A similar characterization of log-concave functions also holds. We also note that every completely mono- 
tonic function is log-convex, see [Wil p. 167]. Now, by definition, a function h: (0, oo) — > (0, oo) is said 
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to be geometrically (or multiplicatively) convex if it is convex with respect to the geometric mean, that 
is, if for all x, y > and all A £ [0, 1] the inequality 

h(xV- X ) < [h(x)] x [h(y)Y- x 

holds. The function h is called geometrically concave if the above inequality is reversed. Observe that, 
actually the geometrical convexity of a function h means that the function In h is a convex function of 
In a; in the usual sense. We also note that the differentiable function g is log-convex (log-concave) if 
and only if x g'(x)/g(x) is increasing (decreasing), while the differentiable function h is geometrically 
convex (concave) if and only if the function x i— > xh'(x)/h{x) is increasing (decreasing). See for example 
Bar2j for more details on geometrically convex (concave) functions and their relations with continuous 
univariate distributions. 

The following result is motivated by [Ka, Lemma 4.5] and [MR, Lemma 1.4]. Part a of Theorem 1 
generalizes the statement that $ is completely monotonic, see |MR1 Lemma 1.4], while part d provides 
a generalization of |Kal Lemma 4.5]. The right-hand side of (|2.1|) extends inequality (MR! eq. (9)]. 

Theorem 1. The following assertions are valid: 

a. $j, is completely monotonic on (0,oo) for all v > — i; 

b. is log-convex and geometrically concave on (0, oo) for all v > — i; 

c. v i y is decreasing on [0, oo) for all x > 0; 

d. x i y x y+ z <& u (x) is increasing on (0,oo) for all v > — ~; 

e. x i— > {x + f) !/+2 &v{x) is increasing on (0,oo) for all v > — |; 



f. x i— > (x + § + ¥)" 2 is increasing on (0,oo) for all v > — i; 

g. the inequality 



(2.1) tllTl r < * Ax) < Jl ! r 

2 J »+4r(^+i)(i + | + i) ! ' + » v » (x + | + i)" + ' 

is valid for all v > — ^ and x > 0; 
Proof. Observe that since 

[Y [Y . 

I-i(x) = \ — cosh a; and Ii(x) = \ — sinhx, 
2 V nx 2 V nx 

we have that $ i (x) = \ -. Thus, in what follows we assume that v > — \. 

a. We proceed somewhat similar as in the case of complete monotonicity of the function x t— > 
e~ x x~ v I v {x). About this function we know that it is completely monotonic on (0,oo) for all v > —5. 
The case v > — \ was proved by Nasell |Na2| and the case v = — \ was pointed out in |Barlj . In [Na2j 
Nasell used the integral representation |Wal p. 79] 

(2.2) i v { x ) = -ML f (1 - ey- 1 - e-^dt, v >-\, 

v^r (y + 1) J-i 2 

to prove the above mentioned complete monotonicity. Now, if we change v to v + 1 in (|2.2I) and we use 
integration by parts, we obtain 

f 1 [i-t 2 ) v+i xe- xt dt 



V^rfc + I) J-i 



1 fl- iV~*fe- xt dt, 



which in view of (|2.2I) yields that 



(2.3) = 0F2T (v + = ^ (1 - i) (1 - P)"'* e~ x ^dt. 
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Consequently, we obtain 

(n) = / {l-t)(l+t) n (l-t 2 Y~ 2 e~ x{1+t) dt> 



for all v > — |, x > and n G {0, 1, . . . }. Thus, the function ^ v is completely monotonic on (0, oo) for 
all v > — |, as well as the function <& u . 

b. The first part of the assertion follows from part a. Namely, it is known that every completely 
monotonic function is log-convex, see |Wi[ p. 167]. 

Now, for convenience let us introduce the notation 

4> v (x) = x~ v \I v (x) + I v+ i(x)] . 
Then by using the recurrence relations |Wal p. 79] 

[x~"I v (x)]' = x~ v I v+ i{x), I u +2{x) - I v {x) = - + 1 I v+1 (x) 



we have 

and consequently 
that is, 



<t>' v {x) ~ M*) = ~(2v + i)x-^ +l h u+l { x ) 

K(x) _ <t>'Ax) ~ <t> v {x) _ 2v + l I v +i(x) 



<& v (x) 4>u(x) X I v (x) + I u +l(x) ' 



Since the function x i— > I v+1 (x)/I v (x) is increasing on (0, oo) for all v > —\ (see [Wat or [YK, p. 446]), 
it follows that x M> 1/ \I u (x) / I u +\{x) + 1] is increasing on (0,oo) for all v > — |. Now, by using (|2.4p 
clearly the function x i— > x<f>' v (x)/<§> l ,(x) is decreasing on (0, oo) for all v > — \, as we required. 

c. By using the infinite series representation of the modified Bessel function of the first kind |Wal p. 

77] 



Iu(x) = J2 



>\x?^ 



n>0 

we have 



n\T(n + v + 1) 



(2.5) ^x) = J2 a ^ x2n + J2 b ^ 

where 



x 2n+ \ 



n>0 n>0 



a n {v) = 1 — — and b n (v) 



2»n\T{n + v + 1) v ; 2"n\T(n + v + 2) ' 

Thus, to prove that the function v i— >• ^ v (x) = e~ x <p v (x) is decreasing on [0, oo) for all x > 0, it is enough 
to show that v H> a n (v) and v H> b n {v) are decreasing on [0, oo) for all n £ {0, 1, . . . }, that is, for all 
v > and n £ {0, 1, . . . } we have 

(2.6) dl °^)) iy = _ log2 _ ^ + , + !) < o, 

(2.7) ^1^ = ^ %M = _ log2 _^ (n + i , + 2)<0 , 

where VK 2 -) — r'(x)/r(a;) denotes the digamma function. Since ip( x ) > f° r a U 33 > x *j where a;* ~ 
1.461632144 ... is the abscissa of the minimum of the T function, the inequality (|2.6[) clearly holds for 
all v > and n G {1, 2, . . . }, while the inequality (|2.7I) clearly holds for all v > and n G {0, 1, . . . }. 
Thus, we just need to verify the inequality (I2.6[) when n = 0, that is, %jj(v + 1) + log 2 > for v > 0. 
When v = this is true, since ip(l) - -0.5772156649 ... and log 2 = 0.6931471805. . .. Now, suppose that 
v > 0. According to Batir [Bat! Lemma 1.7] the inequality %j)(y + 1) > log {y + j) is valid for all v > 0. 
Thus ^>(iv + 1) + log 2 > log(2^ + 1) > for all v > 0, as we required. 
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d. & e. & f. We shall use (|2.4|) and the well-known inequalities of Soni |Soj and Nasell [Nalj . Namely, 
by using (|2.4[) and Soni's inequality I v (x) > I v +i(x), which holds for all v > — ^ and x > 0, we obtain 
for v > — | and a; > the inequality 



[log 



/ M*) 



1\ 1 



M*0 

Similarly, by using Nasell's inequality 

(2.8) I v (x)>(l + ^jl v+1 (x), 

which holds for all v > — 1 and x > 0, we obtain that 

[log$ u (x)] = -^-4 > - ( v 



(log x u+ 2 



M*) 



2J x + f 



log X 



where ^ > — i and a; > 0. These inequalities imply that the functions x i— > log x" -1- = <!>„ (x) 



and x i y 



log 



+ |) 2 3v(x) are increasing on (0,oo) for all v > — |. 
Now, for x > and ^ > let us consider the inequality [Sel eq. (20)] 



xl v -x(x) 



< 



1 



which implies that 

1 V +1(X) X XX 

where x > and v > —1. Observe that this improves Nasell's inequality (|2.8|l and implies the inequality 

in ' 



[log$„(x)]' = 



M*0 



I v + I 



1 



x+f + i 



log ( a; + - + - 



where > — i and x > 0. Thus, the function x H ► log 

all ^ > — as we required. 

g. It is known that e~ x > 1 — x for x > and thus 



(x + 5 + |;) !y+2 < l , i/(x) is increasing on (0, oo) for 



2-t 



'2 



for all > — 4 and t € (0, 2]. By using this inequality together with (|2.3p we obtain 



Ma;) 



V7f2T 



2-t 



t e or 



< 



1 



2 1 



< 



2" 1 



2 1 



' e -|("+§W-**df 

f-* e -( B+ * + *)*di 
f-Se-^+f+i)*^ 



- (x+l + I) 

where ^ > — ^ and x > 0. Here in the last step we used the well-known formula 



«Q + 1 



which is valid for all a > —1 and /3 > 0. 
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Now, for the left-hand side of (|2.1[) we use part f together with f|2.5[) for x = 0. Namely, for all x > 
and > — h we have 



1/ lV +i , , , If l SV+k 



i / iv+* i 



v + - 



2»+? V 2 J 2 I T(i/+l)' 

□ 

The next result is motivated by the Turan type inequalities for modified Bessel functions of the first 
and second kind. For more details see the recent paper |Bar3j and the references therein. 

Theorem 2. The function v y~ > $ v (x) is log-concave on (—1, oo) for x > 0, while the function v i— > ^l v (x) 
is completely monotonia and log-convex on (— 5,00) for x > 0. Moreover, the next Turan type inequality 
is valid for all v > ^ and x > 

(2.9) < [$,(x)] 2 - < — —j- [$,(x)] 2 . 
In addition, the left-hand side of (|2.9[) ZioZrfs irue /or all v > —\ and x > 0. 

Proof. First we show that for each fixed 6 g (0,2] and each x > 0, the function v 1— > $> v +b(x)/& v (x) is 
decreasing, where v > —(6 + l)/2, v > — 1. For this, we consider Neumann's formula [Wa] p. 441] 

(2.10) I a {x)If)(x) = - ( 2 I a+0 (2xcos6)cos((a.- /3)6)d9, 

n Jo 

which holds for all a + (3 > — 1. Using this we find that for 2z/ + e + b > — 1 

a v (x) = I u (x)I l/+b+e (x) - I v+b (x)I v+e {x) 

4 n 

= / hv+b+e (2x cos 6) smibO) sinfe 

/3„(a:) = J y (x)J 1/+ 6 +e+ i(a;) - J I/+ h(x)J 1 , +e+ i(a;) 

+ I v+ x(x)I„ +b+£ (x) - I v+b+ i{x)I v+£ (x) 
8 



7T 



^2i/+6+e+i (2a; cos 0) sin(&#) sin(e#) cos 9d9, 



which are negative for all b € (0, 2] and e g (0, 2]. Consequently, the expression 

^(x^+fc+eOr) - $„ +b (x)$, +£ (a;) = e - 2x x~^ v+b+ ^ [a v {x) + p v {x) + a v+1 (x)} 

is negative, that is, we obtain $ v +b+ E (x)/$ v + e (x) < <& v+ b(x)/<& v {x). Now, since v <&„+;, (£)/$„ (x) 
is decreasing, it follows that the function v 1— ► log[$„+b(x)] — log[$ 1/ (x)] is decreasing too. This implies 
that the function v 1— > d \og[<& u (x)] / dv is decreasing on (— l,oo). Now, since v 1— > $„(x) is log-concave, it 
follows that for all Vi > — 1, x > and a £ [0, 1] we have 

*ca* + (l-a)«*(aO > [* w (x)]°[*« ! ,(a!)] 1-a ) 

and choosing fi = z/ — 1, 1^2 = ^ + 1 and a = | we arrive at left-hand side of the Turan type inequality 
(|2.9[) . but just for z/ > 0. In what follows we show that this inequality is actually valid for all v > — 1. 
For this, observe that 

9 A v (x) = [$ v {x)f - ^(x^+tix) = e^aT 2 " [A v {x) + A u+1 (x) + Q v (x)] , 

where 

A v (x) = [h{x)f - I v -x(x)I v+ x(x) 

and 

Q v (x) = I v {x)I v+ i(x) - I iy -i{x)I iy+2 (x). 
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Since A„(i) > for all x > and v > — 1 (see for example [Barl ), to prove the left-hand side of (|2.9f) . 
we just need to show that the expression Q u (x) is positive. By using (12.101) we obtain 



2 

QJ X ) = - / J 2v+1 (2xcos0)(cos0-cos(30))d0 
* Jo 

I 2 v+i(2xcos9)(cos6) (sin 2 9) dd > 



for all v > — 1 and x > 0. 
Finally, since 

(-ir^^ = /V*xi-* 2 r- (io gT ^) m e -^)d t >o 

for all f > — 5, a; > and m € {0, 1, . . . }, indeed the function v 1— > ^ v(x) is completely monotonic and 
log-convex on (— |, 00) for x > 0. Consequently, for all vi, ^2 > — 5, a; > and a € [0, 1] we have 

«W ( i_ a)i , 2 (z) < [3v(z)] a [^ 2 (z)] 1_Q , 

and choosing vi = v — 1, ^2 = f + 1 and a = i we arrive at the Turan type inequality 

[^(a:)] 2 - ^!(x)^ v+1 (x) < 0, 

which is equivalent to the right-hand side of (|2.9p . □ 

3. Remarks on Kanter's paper 

In this section we would like to point out an error in Kanter's paper |Ka) . Namely, in the beginning 
of the proof of |Ka[ Lemma 4.4] the author claimed that the inequality 

(3.1) -f e- 2r ^- cost \l + cos t)dt > - f (cost) 2r {l + cost)dt, 
* Jo n Jo 

that is, 

(3.2) S(2r) > p(2r) = C r 2r 2~ 2r , 

is valid for r nonnegative integer. However, the proof of the inequality [Ka, p. 232] 

$(2r) j>(2r + 2) 

{ ' p(2r) " p(2r + 2) 

is not correct, and hence the proof of (|3. 21) is not complete. Namely, there is a typographical error in 
the definition of p(2r) in |Ka[ p. 232], and in the proof of the above inequality the author used the 
inequalities 

$(2r) 2r + 1 /r + 1 $(2r + 2) $(2r + 2) 



p(2r)~2r + 2V r p(2r + 2) ~ p(2r + 2) ' 
but it is easy to see that the second inequality is not true. In an effort to prove f|3 . 3[) we deduced the 
parts e and f of Theorem 1, however, these do not help us in the proof of (I3.3[) . More precisely, by using 
part f of Theorem 1, we clearly have that 



V s+t+ \ 



for all s, t > 0, and consequently 



$(2r) 2r + 1 l2r + 2 + \ $(2r + 2) 
P(2r) ~ 2r + 2 y 2r + | p(2r + 2) ' 

however, this is not less or equal than $(2r + 2)/p(2r + 2). Summarizing, the proof of [Kal Lemma 4.4] 
is not complete, which implies that the proof of [Kal Lemma 4.3] is not complete too, and then the proof 
of Ka, Theorem 4.1] is not correct. Fortunately, [Kal Theorem 4.1] has been proved recently by Mattner 
and Roos [MR] by using a different approach, and this in particular implies that the inequality (|3.2p 
is valid for r G {0, 1,2,...}. More precisely, Kanter [Kal p. 222] pointed out that if the convex set is 
{0} and the random variables are considered to be ±1 valued random variables, then in particular [Kal 
Theorem 4.1] implies (|3.2[) . 
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Now, in what follows we present an analytic proof of the extension of (|3.2p to r > 0. Namely, we prove 
the following result. 

Theorem 3. The extension of Ranter's inequality (I3.2[) to real variable, that is, 



(3.4) 



$(2r) - e- 2r [7 (2r)+/ 1 (2r)] > 



r(2r + l). r 



T 2 (r + 1) 
zs mZid for r > 0. 

Proof. Observe that to prove (|3.4|l it is enough to show that (13.11) is valid for all r > 0. The case r = 
is obvious, and thus in what follows we assume that r > 0. First we consider the integral 

1 



<p(r) 



(cosi) 2, '(l + cos t)dt 



and we show that the right-hand side of (|3.1|) and (|3.4[) coincide. Substituting x = cost we get 



Wo VT 



=dir = -B 

K 2 7T 



1 1 

r + — , — I = 



2'2y v/iT(r + l)' 



Making use of the Legendre duplication formula, 

r(2z) = 7r-52 2z - 1 r(z)r ( 

for z = r + | , we immediately conclude that 



as we required. 

Now, let us consider the integral 

A(r) = - 

7T 



3 2r(cost-l) _ ( cos i)2rl ^ + ^ ^ ^ 



To prove (|3.1[) we show that A(r) is positive for r > 0. For this we shall use the Okamura's variant of the 
second integral mean-value theorem [Ma) IQk] . which states that if / : [a, b] — > R is a monotone function 
and g : [a, b] — >• R is integrable, then there exists a f G [a, b] such that 



(3.5) 



f{t)g(t)dt = /(a" 



fl (t)dt + f(b- 



g(t)dt . 



Choosing [a, b] = [0, 7r], i n- /(f) = 1 + cost, which is monotone (decreasing) and f i-> <?(<) = e 2r ( cos * 
(cos£) 2r , which is integrable, for a fixed < £ < tt, by (|3.5I) we have 

2 rCr 
A(r) = - 



e 2r(cost-l) _ ( cosi )2r 




e 2r(t-l) _ t 2r" 




77 J cos 5 





VI - 1 2 ' 



Let h r (t) denote the integrand of the last integral, that is, 

e 2r(t-l) _ t 2r 



h r (t) 



Now, we consider two cases. The first case is when £ <E [0, ?) . In this case the integrand h r (t) is positive 
for all r > 0, since e t_1 > 1 + (t — 1) = t > for t £ [cos£, 1]. Consequently, we have A(r) > for r > 0. 
The second case is when £ 6 [f i 71 "] > that is, — 1 < cos£ < 0. Observe that in this case we have 



A(r) 



h r (t)dt 



cos £ 



h r (t)dt 



Ac + B, 



and since 1 1-> e 2r (' ^ is monotone increasing on R for r > 0, and £ H> f 2r (l — t 2 ) I is an even function, 
the first integral's modulus \A$\ cannot overgrow B. Indeed, 



- cos £ 



< 



h r (~t)dt < / /i r (i)dt 
Jo 

/l 
h r (t)dt = ^B. 
- cos £ * 



ft. r (t) di + 



Hence A(r) is nonnegative for all r > 0. This completes the proof. 



□ 
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Open Problem 

Finally, motivated by the results of section 2 we pose the following problem: find a generalization of 
Ranter's inequality (|3.4[) for <& v . 
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